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Detection of the cracks in beam structures using the fuzzy Gaussian inference technique has been investigated in

this paper. The fuzzy-logic controller used in the present investigation consists of six input parameters and two

output parameters. The input parameters to the fuzzy controller are the relative divergence of the first three natural

frequencies andfirst threemode shapes in dimensionless forms. The output parameters of the fuzzy controller are the

relative crack depth and relative crack location in dimensionless forms. To derive the fuzzy rules for the controller,

theoretical expressions have been developed considering four parameters such as natural frequencies, mode shapes,

crack depths, and crack locations. The strain-energy release rate has been used for calculating the local stiffnesses of

the beam for a mode-I type of the crack. Several boundary conditions are outlined that take into account the crack

location. Required fuzzy rules are derived for the fuzzy Gaussian controller. The experimental setup has been

fabricated in the laboratory for verifying the robustness of the developed fuzzy controller. The developed fuzzy

controller can predict the location and depth of the crack in close proximity with the real results.

Nomenclature

A = cross-sectional area of the beam
Ai = unknown coefficients of matrix A (i� 1 to 12)
a1 = depth of the crack
B = width of the beam
B1 = vector of exciting motion
Cu = �E=��1=2
Cy = �EI=��1=2
E = Young’s modulus of elasticity of the beam material
Fi = experimentally determined function (i� 1, 2)
i, j = variables
J = strain-energy release rate
Kij = local flexibility matrix elements
�Ku = !L=Cu
�Ky = �!L2=Cy�1=2
K1;i = stress-intensity factors for Pi loads (i� 1, 2)
L = length of the beam
L1 = location (length) of the crack from fixed end
Mi = compliance constant (i� 1, 4)
Pi = axial force (i� 1), bending moment (i� 2)
Q = stiffness matrix for free vibration
Q1 = stiffness matrix for forced vibration
ui = normal functions (longitudinal) ui�x� (i� 1, 2)
V = aggregate (union)
W = depth of the beam
x = coordinate of the beam
Y0 = amplitude of the exciting vibration
y = coordinate of the beam
yi = normal functions (transverse) yi�x� (i� 1, 2)
� = relative crack location (L1=L)
� = minimum operation
� = A�

�1 = relative crack depth (a1=W)
� = mass density of the beam
! = natural circular frequency

I. Introduction

S CIENTISTS and engineers throughout the world have been
doing intensive research for fault diagnosis of cracked beams for

the last several years. It is observed that stiffness of the beam
undergoes variation due to the presence of a crack. This in turn affects
the natural frequencies and mode shapes of the vibrating beam. The
deviations of natural frequencies andmode shapesmainly depend on
the location and intensity of the crack. The investigations reported in
this paper are given next.

A combined analytical and experimental study has been
conducted to develop efficient and effective damage-detection
techniques for beam-type structures [1]. The uniform load surface
(ULS) has been employed in this study due to its lower sensitivity to
ambient noise. In combination with the ULS, two new damage-
detection algorithms [i.e., the generalized fractal dimension (GFD)
and simplified gapped-smoothing (SGS) methods] have been
proposed. Both methods are then applied to the ULS of the cracked
and delaminated beams obtained analytically, from which the
damage location and size are determined successfully. Based on the
experimentally measured curvature mode shapes, both the GFD and
SGS methods are further applied to detect three different types of
damage in carbon/epoxy composite beams. The method of the crack
localization and sizing in a beam can be obtained from free and
forced response measurements [2]. This method has been illustrated
through numerical examples. The predictions for the crack location
and size are in agreement when taking the noise and measurement
error into account. The local effect of softening at the crack location
can be simulated by an equivalent spring connecting the two
segments of the beam [3]. Themodel uses the transfer matrix method
in conjunction with the Bernoulli–Euler theories of beam vibration,
modal analysis, and the fracture-mechanics principle to derive a
characteristic equation that relates the natural frequencies. The
proposed approach is verified by simulation results.

Damage detection in vibrating beams or beam systems has been
done by discussing the amount of frequencies necessary to locate and
quantify the damage uniquely [4]. Two different procedures of
damage identification are used, which mainly take advantage of the
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peculiar characteristics of the problem. Cases with pseudoexper-
imental and experimental frequencies are solved. A crack has been
simulated by an equivalent spring connecting the two segments of the
beam [5]. Analysis of this approximate model results in algebraic
equations that relate the natural frequencies to beam and crack
characteristics. These expressions are then applied to studying the
inverse problem identification of the crack location from frequency
measurements. It is found that the only information required for
accurate crack identification is the variation of the first two natural
frequencies due to the crack, with no other information needed
concerning the beam geometry or material and the crack depth or
shape. The proposed method is confirmed by comparing it with
results of numerical finite element calculations. The least-squares
identification method, Kalman filtering method, and adaptive
filtering method have been adopted to diagnose structural fault [6].

Equation of motion and corresponding boundary conditions has
been developed for forced bending-vibration analysis of a beamwith
an open edge crack [7,8]. A uniform Euler–Bernoulli beam and the
Hamilton principle have been used in this research. The crack has
been modeled as a continuous-disturbance function in the
displacement field that is obtained from fracture mechanics. Behzad
et al. [7,8] have stated that there is an agreement between the
theoretical results and those obtained by the finite element method.
The natural frequencies have been obtained for bending vibrations of
Timoshenko cracked beams with simple boundary conditions [9].
The beam is modeled as two segments connected by two massless
springs (one extensional and another one rotational). This model
promotes discontinuities in both vertical displacement and rotation
due to bending, which are proportional to the shear force and bending
moment transmitted by the cracked section, respectively. Loya et
al.’s [9] results show that their method provides simple expressions
for the natural frequencies of the cracked beams and it gives good
results for shallow cracks. An extensive study has been made on
diagnosis of fracture damage in structure [10]. The concept of
fracture hinge has been developed analytically and the same has been
applied to a cracked section for detecting fracture damage in simple
structures. It has been verified experimentally that the structural
effect of a cracked section can be represented by an equivalent spring
loaded hinge.

The fuzzy finite element method for static analysis of engineering
systems can be done by using an optimization-based scheme taking
fuzzy parameters, geometry, and applied loads into consideration
[11]. The mobile-robot navigation control system can be designed
using fuzzy logic [12]. Fuzzy rules embedded in the controller of a
mobile robot enable it to avoid obstacles in a cluttered environment
that includes other mobile robots. A fuzzy finite element approach

Fig. 1 Segments taken during integration at the crack section: a) cantilever beam and b) cross-sectional view of the beam.

Fig. 2 Relative crack depth a1=w vs dimensionless compliance ln �Cxy.

Fig. 3 Beam model.
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can be used for modeling smart structures with vague or imprecise
uncertainties [13]. A fuzzy finite element method can be applied for
vibration analysis of imprecisely defined systems by using a search-
based algorithm [14]. The approach enhances the computational
efficiency in fuzzy operations for identifying the system dynamic
responses. A fuzzy arithmetical approach can be used for the solution
of finite element problems involving uncertain parameters [15].

In this paper, fault detection of the cracked beam using a fuzzy
Gaussian inference system has been discussed. Fuzzy rules are
outlined from the theoretical analysis for the fuzzy inference
systems. The strain-energy release rate is used to find the influence of
the crack on the local stiffness of the beam. Boundary conditions are
outlined so that they can take the effect of the crack in calculation of
the natural frequencies and mode shapes of the cracked beam. The

Fig. 4 Illustrations of a) fuzzy controller; membership functions for the relative natural frequency for the b) first mode of vibration, c) second mode of

vibration, andd) thirdmode of vibration;membership functions for the relativemode shape difference for the e)firstmode of vibration, f) secondmode of

vibration, and g) third mode of vibration; and membership functions for the h) relative crack depth and i) relative crack location.
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fuzzy inference system developed consists of six input parameters
and two output parameters. The input parameters are relative
deviation of the first three natural frequencies and first three mode
shapes. The output parameters of the fuzzy inference systems are
relative crack depth and relative crack location.

II. Theoretical Analysis

A. Local Flexibility of a Cracked Beam Under Bending and
Axial Loading

The presence of a transverse surface crack of depth a1 on beam of
widthB and heightW introduces a localflexibility that can be defined
in matrix form, the dimension of which depends on the degrees of
freedom. Here, a 2 � 2 matrix is considered. A cantilever beam is

subjected to axial forceP1 and bendingmomentP2, shown in Fig. 1a,
which gives coupling with the longitudinal and transverse motion.

The strain-energy release rate at the fractured section can be
written as [16] J� �1=E0��KI1 � KI2�2, where 1=E0 � �1 � v2�=E0
for the plane-strain condition and 1=E for the plane-stress condition.
Kl1, Kl2 are the stress-intensity factors of mode I (opening of the

crack) for loadP1 andP2, respectively. The values of stress-intensity
factors from earlier studies [16] are

KI1 �
P1

BW

������
�a
p �

F1

�
a

W

��
; KI2 �

6P2

BW2

������
�a
p �

F2

�
a

W

��

where expressions for F1 and F2 are as follows:

Fig. 5 Resultant values of relative crack depth and relative crack location when rules 1 and 18 of Table 2 are activated.
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LetUt be the strain energy due to the crack. Then from Castigliano’s
theorem, the additional displacement along the force Pi is

ui �
@Ut
@Pi

(1)

The strain energy will have the form

Ut �
Z
a1

0

@Ut
@a

da�
Z
a1

0

Jda (2)

where J� @Ut=@a is the strain-energy density function.
From Eqs. (1) and (2), we thus have

ui �
@

@Pi

�Z
a1

0

J�a�da
�

(3)

The flexibility influence coefficient Cij will be, by definition,

Fig. 6 Relative amplitude vs relative distance from thefixed endat a1=W � 0:2 andL1=L� 0:5128 for a)firstmode of vibration, b)magnified viewof the

first mode at the vicinity of the crack location, c) second mode of vibration, d) magnified view of the second mode at the vicinity of the crack location,

e) third mode of vibration, and f) magnified view of the third mode at the vicinity of the crack location.
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Cij �
@ui
@Pj
� @2

@Pi@Pj

Z
a1

0

J�a�da (4)

To find the final flexibility matrix, we have to integrate over the
breadth B:

Cij �
@ui
@Pj
� @2

@Pi@Pj

Z �B=2
�B=2

Z
a1

0

J�a�dadz (5)

Adding the preceding value strain-energy release rate, Eq. (5)
modifies as

Cij �
B

E0
@2

@Pi@Pj

Z
a1

0

�Kl1 � Kl2�2da (6)

Adding �� �a=w� and d�� da=W, we get da�W d�, and when
a� 0 and �� 0, then a� a1 and �� a1=W � �1.

From the preceding condition, Eq. (6) converts to

Cij �
BW

E0
@2

@Pi@Pj

Z
�1

0

�Kl1 � Kl2�2d� (7)

From Eq. (7), calculating C11, C12 (�C21), and C22, we get

C11 �
BW

E0

Z
�1

0

�a

B2W2
2�F1����2d��

2�

BE0

Z
�1

0

��F1����2d� (8)

C12 � C21 �
12�

E0BW

Z
�1

0

�F1���F2���d� (9)

C22 �
72�

E0BW2

Z
�1

0

�F2���F2���d� (10)

Converting the influence coefficient into dimensionless form,

Table 1 Description of fuzzy linguistic terms

Membership function names Linguistic terms Description and range of the linguistic terms

L1F1, L1F2, L1F3, L1F4 fnf1 to 4 Low ranges of relative natural frequency for the first mode of vibration in descending order
M1F1, M1F2 fnf5;6 Medium ranges of relative natural frequency for the first mode of vibration in ascending order
H1F1, H1F2, H1F3, H1F4 fnf7 to 10 Large ranges of relative natural frequency for the first mode of vibration in ascending order
L2F1, L2F2, L2F3, L2F4 snf1 to 4 Low ranges of relative natural frequency for the second mode of vibration in descending order
M2F1, M2F2 snf5;6 Medium ranges of relative natural frequency for the second mode of vibration in ascending order
H2F1, H2F2, H2F3, H2F4 snf7 to 10 Large ranges of relative natural frequencies for the second mode of vibration in ascending order
L3F1, L3F2, L3F3, L3F4 tnf1 to 4 Low ranges of relative natural frequencies for the third mode of vibration in descending order
M3F1, M3F2 tnf5;6 Medium ranges of relative natural frequencies for the third mode of vibration in ascending order
H3F1, H3F2, H3F3, H3F4 tnf7 to 10 Large ranges of relative natural frequencies for the third mode of vibration in ascending order
S1M1, S1M2, S1M3, S1M4 fmd1 to 4 Small ranges of the first relative mode shape difference in descending order
M1M1, M1M2 fmd5;6 Medium ranges of the first relative mode shape difference in ascending order
H1M1, H1M2, H1M3, H1M4 fmd7 to 10 Large ranges of the first relative mode shape difference in ascending order
S2M1, S2M2, S2M3, S2M4 smd1 to 4 Small ranges of the second relative mode shape difference in descending order
M2M1, M2M2 smd5;6 Medium ranges of the second relative mode shape difference in ascending order
H2M1, H2M2, H2M3, H2M4 smd7 to 10 Large ranges of the second relative mode shape difference in ascending order
S3M1, S3M2, S3M3, S3M4 tmd1 to 4 Small ranges of the third relative mode shape difference in descending order
M3M1, M3M2 tmd5;6 Medium ranges of the third relative mode shape difference in ascending order
H3M1, H3M2, H3M3, H3M4 tmd7 to 10 Large ranges of the third relative mode shape difference in ascending order
SL1, SL2,. . .,SL22 rcl1 to 22 Small ranges of relative crack location in descending order
ML1, ML2 rcl23;24 Medium ranges of relative crack location in ascending order
BL1, BL2,. . .,BL22 rcl25 to 46 Large ranges of relative crack location in ascending order
SD1, SD2,. . .,SD9 rcd1 to 9 Small ranges of relative crack depth in descending order
MD rcd10 Medium relative crack depth
LD1, LD2,. . .,LD9 rcd11 to 19 Large ranges of relative crack depth in ascending order

Table 2 Examples of 20 fuzzy rules used in fuzzy controller

Serial no. Examples of some rules used in the fuzzy controller

1 If fnf is H1F3, snf is H2F4, tnf is H3F1, fmd is H1M3, smd is H2M3, tmd is H3M3, then rcd is SD8, and rcl is SL22
2 If fnf is H1F3, snf is H2F3, tnf is H3F1, fmd is H1M3, smd is H2M3,tmd is H3M3, then rcd is SD8, and rcl is SL22
3 If fnf is H1F1, snf is M2F1, tnf is L3F2, fmd is H1M4, smd is H2M4, tmd is H3M4, then rcd is MD, and rcl is SL22
4 If fnf is M1F1, snf is L2F2, tnf is L3F2, fmd is H1M4, smd is H2M4, tmd is H3M4, then rcd is LD5, and rcl is SL22
5 If fnf is H1F1, snf is M2F1, tnf is L3F1, fmd is H1M3, smd is H2M3, tmd is H3M3, then rcd is LD1, and rcl is SL21
6 If fnf is M1F1, snf is L2F1, tnf is L3F2, fmd is H1M4, smd is H2M3, tmd is H3M4, then rcd is LD6, and rcl is SL21
7 If fnf is H1F2, snf is M2F2, tnf is M3F2, fmd is H1M3, smd is H2M3, tmd is H3M9, then rcd is SD1, and rcl is SL20
8 If fnf is H1F3, snf is H2F4, tnf is H3F2, fmd is H1M2, smd is H2M1, tmd is H3M2, then rcd is SD7, and rcl is SL19
9 If fnf is H1F1, snf is M2F2, tnf is H3F2, fmd is H1M2, smd is H2M2, tmd is H3M2, then rcd is LD2, and rcl is SL18

10 If fnf is H1F3, snf is H2F4, tnf is H3F3, fmd is S1M1, smd is S2M1, tmd is S3M1, then rcd is SD3, and rcl is SL17
11 If fnf is H1F1, snf is H2F3, tnf is H3F2, fmd is H1M2, smd is H2M1, tmd is H3M1, then rcd is LD2, and rcl is SL16
12 If fnf is H1F2, snf is H2F4, tnf is H3F2, fmd is H1M2, smd is M2M2, tmd is H3M2, then rcd is LD1, and rcl is SL15
13 If fnf is H1F2, snf is H2F4, tnf is H3F1, fmd is H1M2, smd is M2M2, tmd is H3M2, then rcd is MD, and rcl is SL14
14 If fnf is M1F2, snf is M2F1,tnf is L3F3, fmd is H1M2, smd is H2M2, tmd is H3M3, then rcd is LD9, and rcl is SL7
15 If fnf is H1F1, snf is H2F4, tnf is M3F1, fmd is H1M2, smd is M2M2, tmd is H3M3, then rcd is LD4, and rcl is SL13
16 If fnf is H1F3, snf is H2F4, tnf is M3F1, fmd is H1M2, smd is H2M1, tmd is H3M3, then rcd is SD2, and rcl is SL10
17 If fnf is M1F1, snf is M2F2, tnf is L3F3,fmd is H1M2,smd is H2M2,tmd is H3M3, then rcd is LD9,and rcl is SL9
18 If fnf is H1F4, snf is H2F4, tnf is H3F1, fmd is H1M3, smd is H2M3, tmd is H3M3, then rcd is SD9, and rcl is SL21
19 If fnf is H1F2, snf is H2F4, tnf is L3F1, fmd is H1M2, smd is M2M1, tmd is H3M3, then rcd is LD3, and rcl is SL12
20 If fnf is H1F4, snf is H2F3, tnf is M3F2, fmd is M1M1, smd is H2M2, tmd is H3M3, then rcd is SD4, and rcl is BL7
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�C 11 � C11

BE0

2�
�C12 � C12

E0BW

12�
� �C21; �C22 � C22

E0BW2

72�

The local stiffness matrix can be obtained by taking the inversion of
compliance matrix; that is,

K � K11 K12

K21 K22

� �
� C11 C12

C21 C22

� ��1

Figure 2 shows the variation of dimensionless compliances to that
of the relative crack depth.

B. Analysis of Vibration Characteristics of the Cracked Beam

1. Free Vibration

A cantilever beam of length L, width B, and depthW with a crack
of depth a1 at a distanceL1 from the fixed end is considered shown in
Fig. 1. Taking u1�x; t� and u2�x; t� as the amplitudes of longitudinal
vibration for the sections before and after the crack, then y1�x; t� and

y2�x; t� are the amplitudes of bending vibration for the same sections
shown in Fig. 3.

The normal function for the system can be defined as

�u 1� �x� � A1 cos� �Ku �x� � A2 sin� �Ku �x� (11a)

�u 2� �x� � A3 cos� �Ku �x� � A4 sin� �Ku �x� (11b)

�y1� �x� � A5 cosh� �Ky �x� � A6 sinh� �Ky �x� � A7 cos� �Ky �x�
� A8 sin� �Ky �x� (11c)

�y2� �x� � A9 cosh� �Ky �x� � A10 sinh� �Ky �x� � A11 cos� �Ky �x�
� A12 sin� �Ky �x� (11d)

where

Fig. 7 Relative amplitude vs relative distance from thefixed endat a1=W � 0:3 andL1=L� 0:2564 for a)firstmode of vibration, b)magnified viewof the

first mode at the vicinity of the crack location, c) second mode of vibration, d) magnified view of the second mode at the vicinity of the crack location,

e) third mode of vibration, f) magnified view of the third mode at the vicinity of the crack location.
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Fig. 8 Schematic block diagram of experimental setup.

Fig. 9 Relative amplitude vs relative distance from the fixed end at a1=W � 0:4 and L1=L� 0:026 for the a) first mode of vibration, b) second mode of

vibration, and c) third mode of vibration.

Fig. 10 Three-dimensional and contour plots for relative natural

frequency.

Fig. 11 Three-dimensional and contour plots for relative mode shape

difference.
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�x� x
L
; �u� u

L
; �y� y

L
; �� L1

L

�Ku �
!L

Cu
; Cu �

�
E

�

�
1=2

; �Ky �
�
!L2

Cy

�
1=2

Cy �
�
EI

�

�
1=2

; �� A�

where Ai (i� 1 to 12) are constants are to be determined from
boundary conditions. The boundary conditions of the cantilever
beam in consideration are

�u1�0� � 0; �y1�0� � 0; �y01�0� � 0

�u02�1� � 0; �y002�1� � 0; �y0002 �1� � 0

At the cracked section,

�u1��� � �u2���; �y1��� � �y2���
�y001��� � �y002���; �y0001 ��� � �y0002 ���

Also at the cracked section, we have

AE
du1�L1�

dx
� K11�u2�L1� � u1�L1��

� K12

�
dy2�L1�

dx
� dy1�L1�

dx

�

Multiplying both sides of the preceding equation by AE=LK11K12,
we get

M1M2 �u
0��� �M2� �u2��� � �u1���� �M1� �y02��� � �y01����

Similarly,

EI
d2y1�L1�

dx2
� K21�u2�L1� � u1�L1�� � K22�

dy2�L1�
dx

� dy1�L1�
dx
�

Multiplying both sides of the preceding equation by EI=L2K22K21,
we get

M3M4 �y
00
1��� �M3� �u2��� � �u1���� �M4� �y02��� � �y01����

where

M1 �
AE

LK11

; M2 �
AE

K12

; M3 �
EI

LK22

; M4 �
EI

L2K21

The normal functions, Eq. (11), and the preceding boundary
conditions yield the characteristic equation of the system as

jQj � 0 (12)

This determinant is a function of natural circular frequency !, the
relative location of the crack �, and the local stiffness matrix K,
which is in turn a function of the relative crack depth a1=W.

2. Forced Vibration

If the cantilever beam with a transverse crack is excited at its free
end by a harmonic excitation [Y � Y0 sin�!t�], the nondimensional
amplitude at the free end may be expressed as �y2�1� � y0=L� �y0.
Therefore, the boundary conditions for the beam remain the same as
before, except for the boundary condition �y0002 �1� � 0, which is
modified as �y2�1� � �y0.

The constants Ai (i� 1 to 12) are then computed from the
algebraic condition:

Q1D� B1 (13)

where Q1 is the 12 � 12 matrix obtained from the preceding
boundary conditions, D is a column matrix obtained from the
constants, andB1 is a columnmatrix, the transpose of which is given
by

BT1 � � 0 0 0 �y0 0 0 0 0 0 0 0 0 �

III. Analysis of the Fuzzy Controller

The fuzzy controller developed has six input parameters and two
output parameters. The linguistic terms used for the inputs are as
follows: relative first natural frequency (fnf), relative second natural
frequency (snf), relative third natural frequency (tnf), relative first
mode shape difference (fmd), relative second mode shape difference
(smd), and relative third mode shape difference (tmd). The linguistic
terms used for the outputs are as follows: relative crack location (rcl)
and relative crack depth (rcd).

The fuzzy controller used in the present paper is shown in Fig. 4a.
The Gaussian membership functions are shown pictorially in
Figs. 4b–4i. The linguistic terms for the Gaussian membership
functions used in the fuzzy controller are described in Table 1.

A. Fuzzy Mechanism for Crack Detection

Based on the preceding fuzzy subsets, the fuzzy control rules are
defined in a general form as follows:

If �fnf is fnfi�snf is snfj�tnf is tnfk�fmd is fmdl�smd is smdm�tmd is tmdn� then rcl is rclijklmn�rcd is rcdijklmn (14)

where

i� 1 to 10; j� 1 to 10; k� 1 to 10; l� 1 to 10 m� 1 to 10; n� 1 to 10

because fnf, snf, tnf, fmd, smd, and tmd have ten membership functions each.
From expression (14), two set of rules can be written:

If �fnf is fnfi�snf is snfj�tnf is tnfk�fmd is fmdl�smd is smdm�tmd is tmdn� then rcl is rclijklmn

If �fnf is fnfi�snf is snfj�tnf is tnfk�fmd is fmdl�smd is smdm�tmd is tmdn� then rcd is rcdijklmn
(15)

According to the usual fuzzy-logic control method [12], a factor
Wijklmn is defined for the rules as follows:

Wijklmn � �fnfi
�freqi���snfj

�freqj���tnfk
�freqk���fmdl

� �moddifl���smdm
�moddifm���tmdn

�moddifn�
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where freqi, freqj, and freqk are the first, second, and third relative
natural frequencies of the cantilever beamwith a crack, respectively;
moddifl, moddifm, and moddifn are the first, second, and third
relative mode shape differences of the cantilever beam with crack,
respectively. By applying the composition rule of inference [12], the
membership values of the relative crack location and relative crack
depth, �location�rcl and �depth�rcd, can be computed as

�rclijklmn
�location� �Wijklmn��rclijklmn

�location� 8length 2 rcl

�rcdijklmn
�depth� �Wijklmn��rcdijklmn

�depth� 8depth 2 rcd

�

(16)

The overall conclusion by combining the outputs of all the fuzzy
rules can be written as follows:

�rcl�location� � �rcl111111
�location�_; . . . ;_�rclijklmn

�location�_; . . . ;

� _�rcl10 10 10 10 10 10
�location�

�rcd�depth� � �rcd111111
�depth�_; . . . ;_�rcdijklmn

�depth�_; . . . ;

� _�rcd10 10 10 10 10 10
�depth�

�
(17)

The crisp values of rcl and rcd are computed using the center-of-
gravity method [12] as

rcl �
R
�location� 	 �rcl�location� 	 d�location�R

�rcl�location� 	 d�location�

rcd�
R
�depth� 	 �rcd�depth� 	 d�depth�R

�rcd�depth� 	 d�depth�

� (18)

B. Fuzzy Controller for Finding Crack Depth and Crack Location

The inputs to the fuzzy controller are fnf, snf, tnf, fmd, smd, and
tmd. The outputs from the fuzzy controller are rcd and rcl. Twenty of
the several hundred fuzzy rules are listed in Table 2. Figure 5 shows
the fuzzy controller results when rule 1 and rule 18 are activated from
Table 2.

IV. Experimental Setup

An experimental setup used for performing the experiments is
shown in the schematic diagram in Fig. 8. A number of tests are
conducted on an aluminium beam specimen (800 � 50 � 6 mm)
with a transverse crack for determining the natural frequencies and
mode shapes for different crack depths. Experimental results of
amplitude of transverse vibration at various locations along the
length of the beam are recorded by positioning the vibration pickup
and tuning the vibration generator at the corresponding resonant
frequencies. The results for the first three modes are plotted in Fig. 9.
Corresponding numerical results are also presented in the same graph
for comparison.

V. Discussion

From the predicted results of developed fuzzy Gaussian inference
technique, numerical, and experimental analyses, the following
points are drawn. It is evident from the Fig. 2 that as the relative crack
depth increases, the compliances C11, C12 � C21, and C22 increase.
The linguistic forms of fuzzy rules for the fuzzy controller developed
are listed in Table 1. Some examples of actual fuzzy rules formulated
for the fuzzy controller are shown in Table 2. The Gaussian
membership functions used for the fuzzy controller are depicted
pictorially in Fig. 4. The results of the developed fuzzy Gaussian
controller by activation of rule 1 and rule 18 from Table 2 are shown
in Fig. 5. For different relative crack locations (0. 5128 and 0.2564)
and relative crack depths (0.2 and 0.3), the first three mode shapes
and their magnified views are drawn pictorially in Figs. 6 and 7. It is
observed from Figs. 6 and 7 that there are reasonable changes in
mode shapes when compared between the cracked and uncracked
beams. The experimental and numerical results and their
comparisons between the cracked and uncracked beams are
represented graphically in Fig. 9. Figures 10 and 11, respectively,
represent the variation of relative natural frequencies and relative
mode shapes in three-dimensional forms, along with a contour plot
with respect to the relative crack location and relative crack depth.
Table 3 contains some of the predicted results by the developed fuzzy
controller and their comparison with corresponding numerical and
experimental results, which show very good agreement.

VI. Conclusions

The following conclusions can be drawn on the basis of the results
and discussionsmade from the present investigations. Because of the
presence of a crack, the beam structure undergoes changes in natural
frequencies and mode shapes. These changes depend upon the crack
location and its intensity. The fuzzy controller considered here uses
Gaussian membership functions and is used to predict the crack
location and its intensity by using the relative crack location and
relative crack depth as inputs. The fuzzy-controller-predicted results
are reasonably acceptable and in agreement with the experimental
data. The successful detection of the crack and its intensity in a
cantilever beam demonstrates that the new technique developed in
the present study can be used efficiently and effectively in crack
identification in different beam-type structures. This developed
fuzzy controller can be used as a smart fault-detecting tool for
different types of vibrating structures. Further research can be made
to generate a hybrid fuzzy controller for more efficient fault
identification.
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